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k previous paper [1] dealt with the final stage of degeneration of 
turbulence in a viscoelastic medium, on the assumption that the 
stresses (ignoring the hydrostatic pressure) have only tangential com- 
ponents. In other words, that study dealt with liquids and stages in the 
decay of the motion such that normal stresses may be neglected. 
Normal stresses are a distinctive feature of an incompressible visco- 
elastic fluid, and they produce marked effects in laminar flow. 
It is to be expected that they will produce marked effects on the tur- 
bulence of such a liquid. 

Such stresses in these flufds are related to nonlinear features of models 
for liquids, and so those features must be specified if we areto eluci- 
date their effects in turbulence degeneration, and it is necessary to 
consider a stage of degeneration preceding the final one, when the 
behavior is still to some degree nonlinear. 

w F i r s t  we c o n s i d e r  an  i n c o m p r e s s i b l e  l iquid 
whose s t r e s s  r e l axa t ion  is  de sc r ibed  by the Maxwell-  
Oldroyd equat ions [2], 

O~ij Or Ov i Ovj 
" Ot "3 t- Va Ozct Owa Z:ti "---~xaC3ai "~- 

+ T % = -~- ( o ~  + ~), (1.1) 

and by the equat ions  

Ovi Ov~ Op D~iet Ova 
at + v~ ~ = - ~ + ox--7' ~ = o ,  (1.2) 

in  which v i a re  the ve loc i ty  components ,  ~ij a re  the 
components  of the k inema t i c  t enso r  for the s t r e s s e s  
af ter  sub t r ac t ing  the i so t rop ic  p r e s s u r e ,  and p, v,  and 

0 a re  the cons tan ts  of the v i scos i ty  and the re laxa t ion  
t i m e s ,  r e spec t ive ly .  

We a s s u m e  that this  l iquid conta ins  homogeneous 
tu rbu len t  m o v e m e n t s .  We choose a coord ina te  sys t em 
such that ( v i )  = 0. 

Averaging  of (1.1) gives 

I __ / ~ .  @sa~\ / 0%i \  

We multiply the equation for vi in (1.2) by vj and add 
to the equation for vj multiplied by vi, and then aver- 
age, to get 

This  equat ion appl ies  to any stage in  the homoge-  
neous t u rbu l en t  mot ion  of this  l iquid,  and i t  shows that 
change in  the m e a n  k ine t ic  ene rgy  of the t u rbu l ence  is  
r e la ted  to change in the sum of the mean  n o r m a l  
s t r e s s e s ,  the s tate  of developed tu rbu lence  not being 

s t a t ionary .  
In fact ,  if <aa~  ) # 0, the developed tu rbu lence  m u s t  

be osc i l l a to ry ,  with pu lsa t ing  m e a n  c h a r a c t e r i s t i c s  
(mean kinet ic  energy  and sum of the m e a n  no rma l  
s t r e s s e s  <eaa  >).* Let w be the fundamenta l  f requency  
of these  osc i l l a t ions ;  then (1.5) shows that the kinet ic  
energy  and norma l  s t r e s s  osc i l l a te  with the s ame  p r i n -  

cipal f requency ,  but with a phase  shift  ~ + a rc  tg(0co) -1. 
While the energy  r e m a i n s  pos i t ive ,  <~aa > is  s ign-  
va ry ing .  

F o r  s impl i c i ty ,  we subsequent ly  cons ide r  only the 
case  of i so t rop ic  tu rbu lence .  Then  (aij) = (~6ij and 
or(t) = 1 /3<(~a  >, so the no rma l  s t r e s s e s  affect ma in ly  
the tu rbu len t  p r e s s u r e ,  which for  a v i scous  l iquid con-  

s i s t s  of the s ta t ic  p r e s s u r e  and the m e a n  dynamic  p res -  
su re  of the pu l sa t ions  (Reynolds s t r e s s e s ) .  The p r e s -  
su re  for  a v i s coe l a s t i c  l iquid conta ins  a new component  

(~(t); the s t r e s s  ampl i tude  cr may  be e s t ima ted  as O~,Vl2• 
• 1-2, i n w h i c h v / a n d  l a re  the c h a r a c t e r i s t i c  ve loc i t i e s  
and length of the tu rbu len t  eddies ,  while for  developed 

tu rbu lence  in  a v i scous  l iquid the m a x i m u m  tangent ia l  
s t r e s s e s  occur  when l ~ X0, the i n t e rna l  sca le  of the 
t u rbu l ence .  

We in t roduce  the spec t r a l  dens i ty  E(k,t)  of the ki -  
net ic  energy  via 

o 0  

' I -5- <v,,~> = E(k,t)dk, 
o 

and for the case  of i so t rop ic  t u rbu lence  we can r e -  
wr i te  (1.5) as 

c o  

0z l 2 ~' OE(k,z) , .  
o--'7- +--6 - z =  - - 7 - !  - - - a 7  ~ a ~ "  (1.6) 

The normal  s t r e s s e s  also pa r t i c ipa te  in  the i n t e r -  
ac t ion between the pu lsa t ions  of d i f ferent  sca le s ,  by 
v i r tue  of the non l inea r  fea ture  of Eqs.  (1.1). 

. 

(1.4) 

We add (1.3) and (1.4), convolute the r e su l t i ng  ten-  
so r  equat ion with r e spec t  to i and j ,  and then,  s ince  the 
l iquid is i n c o m p r e s s i b l e ,  get the following f rom (1.2): 

0 i 0 
0-7- <z,~> + y <z~> = - - W < u ~  >. (1.5) 

*This aspec t  of the tu rbu lence  in  a v i scoe las t i c  
l iquid may  be re la ted  to the obse rved  marked  i r r e g u -  
l a r i t i e s  in the flow of mel t s  and solut ions  of highly 
e las t ic  po lymer s ,  which have been given names  such 
as "e las t ic  tu rbu lence"  [3-5] .  
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We sub t r ac t  (1.3) f rom (1.1) to get equat ions for  
the pu l sa t ing  pa r t  of the s t r e s s e s  crij' = ~ij - (aij):  

O~t~" az~j" ~v  i , Ov~ , 

�9 /%~., 1 

+ < ~ % ' > +  \ 0 . .  "' > + T  ~'~'= 

--  0 ~0~ + 0%T/" (1.7) 

This equat ion  di f fers  f rom the one for  the case  in  
which the m e a n  s t r e s s  ~ is absen t  only in  having the 
v i s cos i t y  v r ep laced  by v + 0~(t). It follows f rom (1.2) 
and (1.7) that this  appl ies  also to the equat ions  for  the 
c o r r e l a t i o n  m o m e n t s  of the d i s t r i bu t ions  of v i and ai j ' ,  
which can  be deduced via  (1.2) and (1.7); Eqs .  (1.6) is  
then an  addi t ional  r e l a t i on  l ink ing  ~r(t) to the second 
c o r r e l a t i o n  m o m e n t  of the veloci ty  d i s t r ibu t ion .  

Since ~ is  s i g n - v a r y i n g ,  the e x p r e s s i o n  v ~ 0c(t) 
that acts  as the v i s c o s i t y  in  (1.7) may  become negat ive  
if the ampl i tude  of ~(t) exceeds ~/0.  We the re fo re  ex- 
pect* a change in  the c h a r a c t e r  of the t u rbu lence  when 
~/0 ~ ~max ~ OWl21 -2, i . e . ,  when Ov l l II ~ 1. 

w Cons ide r  now the degene ra t ion  of the t u rbu lence  
in  this  l iquid.  We a s s u m e  that t he re  is  a t ime  when the 
ro le  of the t h i r d - o r d e r  c o r r e l a t i o n  m o m e n t s  for  the ve-  
loci ty  and s t r e s s  has become sma l l  but the no rma l  
s t r e s s e s  a re  s t i l l  impor t an t .  At this  s tage,  the t u rbu -  
len t  m o m e n t s  of va r ious  sca le s  (various k) r e m a i n  
coupled, the i n t e r a c t i o n  o c c u r r i n g  not via  the th i rd -  
o r d e r  momen t s  but v ia  the m e a n  s t r e s s e s  ~(t). 

We use  (1.2) and (1.7) to get equat ions r e l a t ing  the 
s e c o n d - o r d e r  c o r r e l a t i o n  m o m e n t s  of v i to those of 
~ j  (we neglect  all  t h i r d - o r d e r  moments) .** These  equa-  
t ions  differ  f rom s y s t e m  (1.4) of [1] only in that  ~ is 
replaced  by ~ + 0~(t), and these  equat ions allow us to 
put for E(k,t)  that 

=__2k ~ 0~ E (2.1) 
Ot ' 

Equat ions  (2.1) and (1.6) fo rm a closed sys t em of 
equat ions for (r(t) and E(k, t ) ,  and they de sc r ibe  the 
weak tu rbu lence  of a v i s coe l a s t i c  l iquid when the th i rd -  
o rde r  c o r r e l a t i o n  funct ions  have become smal l .  

If the c~(t) decay f a i r l y  rapid ly ,  

co 

] ~ =  f l z ( t ) l d t < ~ ,  
1 

*The value of the d i m e n s i o n l e s s  p a r a m e t e r  a0v -1 = 
= cg -1 ~ 1 (g = 0v -1 is  the k inemat ic  modulus  of e l a s -  
t ic i ty  of the liquid) is  c lose  [5] to the c r i t i ca l  value at 
which e las t ic  t u rbu l ence  sets  in.  

**Since now <~ij) ~ 0, the c o r r e l a t i o n  t e n s o r s  have 
to be wr i t t en  for  ~i j '  = ~ij - ~ i j ) ;  the k inema t i c  r e -  
la t ions  of the type s i m i l a r  to (1.6) of [1] s t i l l  apply, 
while E(k,t)  is expres sed  in  t e r m s  of R(k,t)  by E(k,t)  = 
= - 4 k ~R (k, t ) .  

and E(k, t )  for  t ~ ~ tends  a sympto t i ca l l y  [6] to the 
solut ion of an equat ion of a type s i m i l a r  to (2.1) with 
o - = 0 .  

There fo re ,  this  s tage for  t suf f ic ien t ly  l a rge  p a s s e s  
into the f inal  s tage [1], while the so lu t ion  to (2.1) tends  

to 

Cl exp (-- t/O) + 

+ C~exp [-- t (~ + t)/O] + Caexp[t (~ - -  i)/O] , 

(k) = (t -- kUko~)'l ., ko = 113 v -~i' 0 - %  

2C~ ---- 2Ca = A (k) + iB (k) 

for  k > k 0, while the funct ions  Ci(k) a r e  re la ted  to E, 
0E /0 t ,  and a2E/Ot 2 at a c e r t a i n  ins t an t  (t -- 0) in  the 
f inal  s tage of degene ra t ion ,  which is  t aken  as the in i t ia l  
ins tan t ,  and these  can  be e xp r e s se d  v ia  the c o r r e l a t i o n  

t e n s o r s  at the s ame  ins tan t :  

/ ~  (r) = <v~ (x) v~ (x + r)), 

S~i~ (r) ~-- <v t (x) vj~' (x -]- r)> , 

W~jk~ (r) = <%' (x) ~l'  (x + r)>. 

In the f inal  stage of degene ra t ion ,  the total  k inet ic  

ene rgy  of the t u rbu lence  is  

k0 
~ E  dk c~ Lt ( ~ -  1)/01 dk + Z ,  (k, t) (k) exp 

o o 

in which Z denotes  a group of t e r m s  each of which de-  
c r e a s e s  at l eas t  as rap id ly  as exp ( - t / 0 ) .  The m a i n  
con t r ibu t ion  to the in t eg ra l  for  t >> 0 comes  f rom smal l  
k, and the asympto t ic  e x p r e s s i o n  is 

k8 

]~ (ko) = f C3 (k) e -2~:t dk . (2.2) 
0 

This may  be wr i t t en  as J2(~) apar t  f rom a t e r m  de-  
c r e a s i n g  as e xp ( - t / 20 ) ,  i . e . ,  as for  a v i scous  l iquid.  
If C o = l imk-4C3(k) < ~,  Co ~ 0 for k ~  0, as in a v i s -  
cous l iquid (which is a k inema t i c  r e q u i r e m e n t  in e s s ence  
not dependent  on the de ta i led  model  as is the i n c o m p r e s s -  

ible l iquid),  then for  l a rge  t the kinet ic  ene rgy  will  de-  
c r e a s e  as (~t) -~/2. 

Then (1.6) gives (~(t) as p ropor t iona l  to 0~-5/2t -~/2 

for  t >> 0, with J1 < ~. 
Cons ider  now the decay of the c o r r e l a t i o n s  re la ted  

to the no rma l  s t r e s s e s ,  in p a r t i c u l a r  the pu l sa t ing  
par t  of the no rma l  s t r e s s ,  with decay of the other  com-  
ponents  of the c o r r e l a t i o n  t e n s o r s  in  the f inal  s tage of 
degeneracy .  It can be shown [see (1.6) in  [1]] that 

& ~  (r) = <vl (x) z~J {x § r)> = 0  (2.3) 

for  homogeneous  i so t rop ic  tu rbu lence  of an i ncom-  
p r e s s i b l e  med ium,  i . e . ,  t he re  is  no c o r r e l a t i o n  be-  
tween the veloci ty  d i s t r i bu t i on  and the total  no rma l  
s t r e s s e s  of the pu l sa t ions .  

Then we can use  the equat ions  for  the f inal  s tage 
for  the c o r r e l a t i o n  t e n s o r s  [Eqs. (1.4) of [1]] to show 
that the c o r r e l a t i o n s  in  the sum of the no rma l  s t r e s s e s  

due to the pu l sa t ions ,  

= < ~ (x) p' Tctat (1") Z ' (X _L 1")>, 
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W~=~ (r) = <'~d (x) ~ J  (x + r)>, 

d e c r e a s e  as  exp  ( - 2 t / 0 )  f o r  a l l  r .  In p a r t i c u l a r ,  
<~ a , l / 2  

a a  / d e c r e a s e s  a s  exp  ( - t / 0 ) .  

It i s  r e a d i l y  s e e n  tha t  

~ z  

OraOr~ Si= ~ (r)=0.  

T h i s  i s  u s e d  w i t h  t h e  e q u a t i o n  f o r  t he  f i na l  s t a g e  of 
d e g e n e r a t i o n  to g ive  

A<p' (x) p '  (x + r)> = ~ T~a (r), 

\ T o  (r) = ~ W~,~ (r).  

T h e s e  e q u a t i o n s  i m p l y  t h a t  t h e  p r e s s u r e  c o r r e l a -  

t i o n s  < p ' ( x ) p ' ( x +  r)> a l s o  d e c r e a s e  a s  e x p ( - 2 t / 0 ) .  

The  c o m p o n e n t s  of  t h e  c o r r e l a t i o n  t e n s o r s  d e c r e a s e  

in  t he  f ina l  s t a g e  a s  f o r  a v i s c o u s  l iqu id :  t h e  R i d r )  f o r  
- 5 / 2  . ~ s m a l l  r d e c r e a s e  a s  t ; a s  d o e s  t h e  t o t a l  k i n e t i c  

e n e r g y ,  w h i l e  the  Wijk l ( r )  and  S i jk ( r )  f o r  s m a l l  r d e -  
c r e a s e  a s  t -~ / z .  

The  c o r r e l a t i o n  c h a r a c t e r i s t i c s  r e l a t e d  to t he  n o r -  

r ea l  s t r e s s e s  of  t he  p u l s a t i o n s  ( i nc lud ing  the  p r e s s u r e )  

t h u s  d e c r e a s e  e x p o n e n t i a l l y  in  t h e  f i na l  s t a g e  of  d e -  

g e n e r a t i o n ;  t h e  o t h e r  c o r r e l a t i o n s  in  a v i s c o e l a s t i c  

l iqu id  d e c a y  a s  i n  a v i s c o u s  o n e .  The  d i f f e r e n c e s  l i e  

i n  t he  d e c a y  of  t he  m e a n  n o r m a l  s t r e s s  (as  t-~/2) * and 

in  t he  m o d e  of d e c a y  of  t h e  s m a l l - s c a l e  t u r b u l e n t  

m o t i o n s .  

~3. In previous sections we have considered a model for visco- 
elastic liquid with one relaxation time. We now compare the behavior 
of the normal stresses for other models having other nonlinear feature~ 
in the equations. The dynamic equations and the equations of in- 
compressibility remain as before [compare (1.2)], and only the de- 
fining equations of the (1.1) type are altered. 

Consider a model [2] whose defining equations are 

0~ti 0~5 0% 
- ~ -  + ~ 0-~- + - g ~  ~ + 

+ ~ % ~ +  -g- % = T \ 0~ s + - ~  ) �9 (~.l) 

The mean normal stress for homogeneous isot ,,pic turbulence is 
given by 

co 

~ - q -  s = --~- ~'~- <v~> = --~- ------~-~ a~. (3.2) 
0 

*There are at least two difficulties in testing this 
by experiment: measurement of small normal stresses 
and distinction of Reynolds stresses. Nonisotropie in- 
homogeneous turbulence (e. g., for a flow with trans- 

verse shear) here has advantages. 

/ 04, \ / f o,,, 
(3.3) 

Equations (3.3) show that here the mean stresses act by replacing 
the constant viscosity u by the time-varying one u -- 0o(t). At the stage 
of decay of the turbulent motion where the third-order correlation 
functions can be neglected, we readily obtain from (3..2) and (3.3) 
an equation for E(k, t): 

0,  2 0 , -  0~] { ~  I ,, 0~ 
~ - + T - ~  "+4k~ 0 JiOt +'-6--}g=2k"~ g" (3.4) 

Comparison of (3.2) and (3.4) with (1.6) and (2.1) shows that the 
only difference is in the sign before c(t), so in the final stage, when 
the totalkinetic energy decreases as At "a  (a = 5/2, A > 0), the normal 
stress will decrease as5/3 OA t- a-I (remaining positive) for the model 
of (1.1) and as -5/30At  -a - I  for the model of (3.1). This sign dif- 
ference in the final stage could provide the basis for experimentaI 
decision between the models. 

Next we consider a model whose defining equations explicitly con- 
tain nonlinear terms in the stresses: 

Oaiy Oali Oe ~ Ov a 

t t v [ O , ,  

Here the role of o(t) does not amount simply to replacing the 
constant viscosity by a time-varying one even in the case of homo- 
geneous isotropic turbulence. The equation for the pulsating part of 
the stress becomes 

ot + ~ ~ ~ + -6- a d -  -~ - ~J + - g ~  %/  + 

Ov~ t , , 

+ ~ ~ '  - --4- % % + 

�9 OCtal" \ 
l <~at'~aJ ">+ <,~_~?+ +-4- 

+ / '  0 % / \  v--O~( av~ , 0 5 

The equation for the mean stresses, is 

+ -g-ia---V ~ ---~ <~ > = -g--g/- <%'>, (3,7) 

which differs from the (1.6) or (3.2) of the previous models in that it 
has a nontrivial steady-state solution, with the pulsating part of the 
stresses related to the normal stress: 

'2 
~o - -  ~o 9 / g = ~ / sg  -~  <%t~> 

and s o g z o o  � 9  
The system of equations for the stage of weak turbulence also has 

the more complicated form 

co 
0 i \ i 2 ~- 0Er  i ,, 

o 
co  

o ~ <%s> = - 4 - - - 6 - -  ~ ~ dk, 
o 

+ "g- - -;-  ) ~'~ + o -r ) - ~  ~ ( k, t ) = 

= 2 k ' N - ~ ( , t ) - - 4 k ~ - - g - - / - ~ - - ~  0 ,,, ,E(k ,O.  (3.s) 

In the final stage, where the mean normal stresses have become 
- 1 / 1  small, they decay as t and have a negative sign, as in the pre- 

vious model. 
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The following are models that lack a stage of weak turbulence (in 
the sense of w 

First we have the case o a a  = 0. A mean normal stress (~4~> = o61~ 
is absent in the case of isotmpic turbulence for this. 

Another model has relaxation in the deformation rate, e .g . ,  a 
second-order Rivlin-Ericksen liquid [7] whose defining equations are 

-}- vc \ Ox~ q- O~a ) \ Ox~ q- O~-~a 1' ai = T  q- YaO-'~ ' (3.9) 

in which y, O, and v c are constants of the material in the simplest 
case. 

We average this equation to get the mean stress for homogeneous 
isotropic turbulence as 

z =  - -  ~h (v0 q- re) l im A R ~  (r) = 
r--~0 

oc 

= --  4/a (vO + "%) l E (k, t) k~dk . 
0 

(3.z0) 

In the final stage, in which the decay of motions with very small 
k is of the viscous type [1], the total kinetic energy decreases as 

+ -~/2 At -~/z, while the mean stress decreases as -5/3(0 Y C / Y ) A t  . 

Thus o(t) in the final stage decreases as t -7/z, in spite of the 
difference between the defining equations (the Reynolds stresses de- 
crease only as t'~/s). 

In ~2 and 3 we have considered in detaiI only the final stage, 
when the behavior of the viscoelastic liquid is generally similar to 
that of a viscous one. Now we consider the preceding stage, which 
is described by (1.6) and (%1), (3.2) and (3.4), (3.8). These equa- 
tions have been deduced on the assumption that the third-order cor- 
relation functions can be neglected while the mean normal stresses 
are retained, and they describe a stage in the decay called that of 
weak turbulence, when the generation of motions with new spatial 
scales can be neglected. In fact, the energy initially localized in 
some region of wave space is indicated by (1.6) and (2.1) (the only 
ones to be used, for brevity) as remaining in that space throughout all 
subsequent time. The nonlinearity in the system of equations affects 
only E(k, t) and o(t) as functions of time, which results from the in- 
teraction between movements on different scales. 

{}4. C o n s i d e r  t he  b e h a v i o r  of E ( k , t )  a t  s m a l l  t ,  

w h e n  the  n o n l i n e a r  f e a t u r e s  of  (1.6) and (2.1) a r e  s t i l l  

i m p o r t a n t .  We c o n s i d e r  t so  s m a t l  t h a t  t h e  d e v i a t i o n s  

Mt) - ~0 and  E ' ( k , t )  = E ( k , t )  - E ( k , 0 ) f r o m  the  in i t i a l  

d i s t r i b u t i o n s  c a n  be  c o n s i d e r e d  a s  s m a l l ,  and the  e q u a -  

t i o n s  m a y  be  l i n e a r i z e d :  

2 0 ~ , . z v §  O __ t \ 

2 
: - -  2k ~ E (k, O) "-6-) z , 

oo 

( 4 q  ~ , 2 ' OE'(k,t)  
--~-)z(t) = ---3- I - - - - - - - - ~ d k  . (4.1) 

o 

We e l i m i n a t e  ~(t) to ge t  a s i n g l e  e q u a t i o n  f o r  E ' ( k , t ) :  

(~F f f - + ) ~ E '  (k, t) = + o 

~J 

= T l~ E (k, +- -~- -~y  v) [ ~-i~ E (p, t) dp . 
o 

(4.2) 

First we consider the decay of eddies of some given 

scale ~ i/kl, which are described by the spectral fune~ 

t i o n  E(k ,  t) = El( t)a(k - k l ) ,  i n w h i c h  E l ( t  = 0) = El0 d e -  

f i n e s  t he  i n i t i a l  e n e r g y .  

E q u a t i o n  (4 .2)  f o r  E/ i f )  = El( t )  - El0 b e c o m e s  

4 O z 2 O , 
- -  3 k~2E~~ + "-'6- -OY) E l  . (4.3) 

The  s o l u t i o n  i s  

4 

E l ' ( t )  = ~ C i e x p - t ( t + p 0  
0 

4 

z~ '  (0) = N c~ = 0 ,  

in  w h i c h  the  C i a r e  c o n s t a n t s  d e f i n e d  by  the  i n i t i a l  

c o n d i t i o n s  f o r  E(t)  and  ~( t ) ,  w h i l e  t h e  Pi a r e  t h e  r o o t s  

of  t he  q u a d r a t i c  e q u a t i o n s  

- -  1 6 0 k l  2 (v q-  0~0)~ �9 (4.4) 

T h e s e  e q u a t i o n s  s h o w  t h a t  f o r  u + 0~0 < 0 t h e  e q u a -  

t i o n  wi th  t he  p l u s  s i g n  b e f o r e  t h e  r o o t  a l w a y s  l e a d s  to 

p2 > 1, so  one  of t h e  s o l u t i o n s  exp  l - t ( 1  + p ) / 0 ]  wi l l  be  

an  i n c r e a s i n g  o n e .  If  u + 0a 0 > 0, Re  pZ > 1 wi l l  be  

o b e y e d  i f  0 -2k l -Z /4  < E l0 /3  - (~ + 0CT0)/0, SO (4.3) 
h a s  s o l u t i o n s  t h a t  i n c r e a s e  w i th  t i m e  f o r  c e r t a i n  i n i t i a l  

c o n d i t i o n s .  
In w h a t  f o l l o w s  we c o n s i d e r  o n l y  the  c a s e  (u + 0~0)/ 

/0 > 2 E 0 /3 ,  w h e r e u p o n  t h e  a b o v e  a r g u m e n t  s h o w  t h a t  

a l l  t h e  s o l u t i o n s  to  (4.3) w i l l  b e  d e c a y i n g  o n e s .  If k 1 i s  

s m a l l  (kl20(u + 0or 0) << 1), (4.4) g i v e s  

pC. ~ 1 __ 40k12 (v + 0zo), P~.4 ~ a/~ 02kitE1~ (4.5) 
1 . 2 ~  

Such e x p r e s s i o n s  d e s c r i b e  the  d e c a y  of  a s i n g l e  

l a r g e - s c a l e  e d d y .  Now we  c o n s i d e r  how t h e  d e c a y  of 

t h i s  eddy  i s  a f f e c t e d  by the  p r e s e n c e  of  an e d d y  of  a 

d i f f e r e n t  s c a l e .  F o r  t h i s  p u r p o s e  we  t ake  the  s p e c t r a l  

f u n c t i o n  a s  E(k,  t) = El(t)6(k - kl)  + E2(t)6(k - kz), w h e r e -  

upon (4.2) t a k e s  the  f o r m  of  a s y s t e m  of  two e q u a t i o n s  

w i th  c o n s t a n t  c o e f f i c i e n t s  f o r  t he  two f u n c t i o n s  El(t)  = 

= El( t )  - Eio and  E~.(t) = E2(t) - E20: 

4 . e .  (02 2 

2 a ~ v+OzoT( a i ~ I ~  + ~ - ~ - ~ - 4 k ~ 2 - - 6 - - j  \ - ~ - + - ~ -  ) E ~ ' ~  

4 k . Z E  /02 2 O 
= - 7  ~ ~ o  k ~  § -6- W )  (E2' + E l ' ) .  (4.6) 

If t h e  s o l u t i o n  i s  to  h a v e  a t i m e  d e p e n d e n c e  of t he  

f o r m  exp l - t ( 1  § p ) / 0 ] ,  we  m u s t  h a v e  t h a t  p2 s a t i s f i e s  

p4 [p2 _ I + 4kd0 ( ,  § 0%)] • 
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x [p~ - -  t 4- 4k,~O(~ 4- 0%)1  = 

+ 4kz~k2 2 (v + 0~0)0 (Ezo + E~o)] . (4.7) 

Here ,  as p rev ious ly ,  we wr i t e  out the va lues  of p~ 
only for  sma l l  k t and ks: 

0,4/3 0 ~ (E~okl ~ + E~ok~) "-k . . . .  

t - -  40(v  + O(1o)k~ 2 + .. . ,  

i - -  40 (v + O%)k~ + . . . .  (4.8) 

C o m p a r i s o n  of (4.8) with (4.5) shows that the set  of 
p is  v e r y  d i f fe rent ,  i . e . ,  the t ime  dependence of E~(t) 
is d i f ferent .  The m a r k e d  effect of the m e a n  n o r m a l  
s t r e s s  on the ra t e  of degenera t ion  can be unders tood  
f rom the genera l  fo rm of the equat ions .  The v i s cos i t y  
begins  to play the l ead ing  pa r t  in  the la te  s tage,  and 
the no rma l  s t r e s s e s  in  the above mode ls  inf luence  p r i -  
m a r i l y  the v i scos i ty  [see (1.7) and (3.3)], so the no rma l  
s t r e s s e s  in  a v i s c o e l a s t i c  l iquid g rea t ly  affect not only 
the s m a l l - s c a l e  m o v e m e n t s  but also the l a r g e - s c a l e  
ones ,  i n  any case  in  the s tage of weak tu rbu lence .  

F ina l ly  we cons ide r  the ro le  of the m e a n  no rma l  
s t r e s s e s  in  the undamped homogeneous  i so t rop ic  t u r -  
bu lence  of a v i s coe l a s t i c  l iquid.  An obvious effect of 
the e l a s t i c i ty  is  on the s m a l l - s c a l e  (high-frequency)  
eddies ,  if the c h a r a c t e r i s t i c  length (v0)i/2 becomes  
comparab le  with the s ize  of the eddy. The effects on 
l a r g e r  eddies a re  l e s s  obvious,  though we expect these  
eddies  to be affected by norma l  s t r e s s e s .  The m e a n  
no rma l  s t r e s s  p roduces  coupling between tu rbu len t  
movemen t s  on al l  s ca l e s ,  as all eddies con t r ibu te  to 
the n o r m a l  s t r e s s ,  while that  s t r e s s  appea r s  in  the 
equat ion d e s c r i b i n g  the behav io r  of the eddies .  If the 
s m a l l e s t  eddies had the highest  no rma l  s t r e s s e s ,  changes 
in  the s m a l l - s c a l e  mot ions  would act  via those s t r e s s e s  
on the l a r g e - s c a l e  ones ,  and would affect,  in  p a r t i c u l a r ,  
t r a n s p o r t  phenomena .  

This  can occur  in l iquids  of low e las t i c i ty .  The n o r -  
mal  s t r e s s  is  p ropor t iona l  to the square  of the ve loc i ty  
grad ien t  in  l a m i n a r  flow in  such a l iquid.  The highest  
ve loc i ty  g rad ien t s  occur  in  the s m a l l e s t  eddies in  a 
v i scous  l iquid ( regions  of d iss ipa t ion) ,  and the same  
will apply for  an e las t ic  l iquid c lose ly  r e s e m b l i n g  a 
v i scous  one. The n o r m a l  s t r e s s e s  inf luence  the la rge  
e n e r g y - b e a r i n g  eddies and so inf luence  the m o m e n t u m  
t r a n s f e r .  

This  effect  of the no rma l  s t r e s s e s  may be the r e a -  
son why sma l l  amounts  of p o l y m e r s  reduce  the r e s i s -  
t ance  in tu rbu len t  flow [8]. 

Note, Neglect of the nonlinear terms in the dynamic equation 
implies that the Reynolds numbers are small, i .e. ,  vl/l  << v/l z. 

The quasi-linear stage of weak turbulence is meaningful for mo- 
tion involving fluctuations in the tangential and normal stresses, 
VVl/l, VOVl2/1 z << o. 

It is possible to estimate o on the basis that the highest velocity 
gradients near the terminal laminar stage will occur in movements 
whose scale l0 is that where the energy fluctuations are largest at that 
instant, so o " uOvloZ/l~. All three estimates show that the stage of 
weak turbulence is meaningful only for motions that do not bear most 
of the energy (the larger and smaller ones). 

I am indebted to G. I. Barenb la t t  for  d i r ec t i on  in  
this  work.  
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